PP36697. Proposed by Mihaly Bencze.
In any triangle 4ABC holds:

1) Zrarb(ra +rb) 2 2]”2]/"21 +4S2r;
2) Zhahb(ha +hb) Z 2}"2}1% + 8527”2 .

R
Solution by Arkady Alt, San Jose, California, USA.
1. Since* D rary = s2,> ra = 4R+1r, Y 12 = (4R + 1) = 282, rarpre = ss—ra -
# = s’rthen
r=s

S rars(ra+rp) =D Fa D rary —3rarsre = (AR +r)s? —3s%r = 2s(2R - r),

2ry ri+4str = 2r<(4R +r)? - 232> +4s2r = 2r(4R + r)?

and, therefore,

dorarp(ra+ 1) = 2r> r2 +4s*r < 2s2(2R—r) = 2r(4R + r)?

(1) s? QR —r) > r(4R +r)*.

Since s? > 16Rr — 52 (Gerretsen’s Inequality) and R > 2r (Euler’s inequality) we obtain
s2 (2R —r) = r(4R +r)* > (16Rr — 5r*)2R — r) — r(4R + r)* = 2r(R — 2r)(8R - r) > 0.

* Since r, = S‘Yx , x € {a,b,cythen D r,rp =5 ,,22

a)(S—b)
2,2 3
(S—a)(;—rb)(s—c) 2(s-0) = Ssrr2 s, 2ira = Z S—a -

_ sr(ab+bc+ca—s?)
(s—a)(ss—rb)(s—c) 2(s=b)s—c) = sr? B

—4Rrr+ 2 _ 4R + r and, therefore, 12 = (4R +r)* - 252

: _ bc _ ca _ ab
2. Since h, = 2R,h = 2R’h = R then

Zhahb(ha-l-hb) = Z_ . 2R é); 4 ca )
G_ZJC'ZCZ(a+b) abc Zab(a+b) _ abC(Za Zab 3abc)

8R3 8R3
ab)” —2abc
2r S h2 + 8S rr _ -y b2c22 L 8522 ((Z )’ - 2.a ) 32 2
and, therefore, S hahp(ha +hp) > 21> h2 + 8STF -
abc(3>_a - ab— 3abc) ((Zab) —2abca )
S8R’ 2R? R3

abc(D_a Y ab—3abc) > 4Rr<(2ab) —2abc) a ) +64R%s’r? &

4Rrs(Q a - Y ab —3abc) > 4Rr<(2ab) —2abc) a ) + 64R%s%r

sQ_a-Y ab-3abc) > ((Z ab)’ - 4abcs> +4abcs <=

2) sQa-X ab-3abc) > (X ab)’.

Letx :=s—-a,y =s—b,z:=s—c,p =xy+yz+zx,q := xyz. Then, assuming s = 1
(due homogeneity), we obtain x,y,z > O,x+y+z=1l,a=1-x,b=1-y,c=1-z,
dab=1+p, abc =p—q,sQ_a+Y ab-3abc) =2(1+p)-3(p-q) =2—-p+3q,



and inequality (2) becomes 2-p+3g > (1+p)? < 1 -3p—p?+3¢ > 0.
Since 3p < 1and 9¢ > 4p — 1,respectively, 33 xy < (X x)> and Y x(x—y)(x—z) > 0
(Schure’s inequality in p,q notation and normalized by x +y+z = 1) then

1-3p-p+3g21-3p-p+3- 2oL - L iaa-3p)20).




