
PP36697. Proposed by Mihaly Bencze.

In any triangle ABC holds:

1)  rarbra  rb  2r ra
2  4s2r;

2) hahbha  hb  2rha
2  8s

2r2

R
.

Solution by Arkady Alt, San Jose, California, USA.

1. Since* rarb  s2, ra  4R  r, ra
2  4R  r2  2s2, rarbrc   sr

s  a 

s3r3

r2s
 s2r then

 rarbra  rb   ra  rarb  3rarbrc  4R  rs2  3s2r  2s22R  r,

2r ra
2  4s2r  2r 4R  r2  2s2  4s2r  2r4R  r2

and, therefore,

 rarbra  rb  2r ra
2  4s2r  2s22R  r  2r4R  r2 

(1) s22R  r  r4R  r2.

Since s2  16Rr  5r2 (Gerretsen’s Inequality) and R  2r (Euler’s inequality) we obtain

s22R  r  r4R  r2  16Rr  5r22R  r  r4R  r2  2rR  2r8R  r  0.

* Since rx  sr
s  x , x  a,b, c then rarb  s2r2 1

s  as  b


s2r2

s  as  bs  c
s  c  s3r2

sr2
 s2,  ra   sr

s  a 

sr
s  as  bs  c

s  bs  c 
srab  bc  ca  s2

sr2


4Rr  r2
r  4R  r and, therefore, ra

2  4R  r2  2s2.

2. Since ha  bc
2R
, hb  ca

2R
,hc  ab

2R
then

hahbha  hb   bc
2R

 ca
2R

bc
2R

 ca
2R



abc
8R3

 c2a  b  abc
8R3

aba  b 
abca ab  3abc

8R3
,

2rha
2  8s

2r2

R
 2r b2c2

4R2
 8s

2r2

R

r ab

2
 2abca

2R2
 8R

2s2r2

R3

and, therefore,hahbha  hb  2rha
2  8s

2r2

R


abca ab  3abc

8R3

r ab

2
 2abca

2R2
 8R

2s2r2

R3


abca ab  3abc  4Rr ab
2
 2abca  64R2s2r2 

4Rrsa ab  3abc  4Rr ab
2
 2abca  64R2s2r2 

sa ab  3abc  ab
2
 4abcs  4abcs 

(2) sa ab  3abc  ab
2
.

Let x : s  a, y : s  b, z : s  c,p : xy  yz  zx, q : xyz. Then, assuming s  1

(due homogeneity), we obtain x, y, z  0, x  y  z  1,a  1  x,b  1  y, c  1  z,

ab  1  p, abc  p  q, sa ab  3abc  21  p  3p  q  2  p  3q,



and inequality (2) becomes 2  p  3q  1  p2  1  3p  p2  3q  0.

Since 3p  1 and 9q  4p  1, respectively, 3 xy   x
2
and  xx  yx  z  0

(Schure’s inequality in p,q notation and normalized by x  y  z  1) then

1  3p  p2  3q  1  3p  p2  3 
4p  1
9

 1
3
p  21  3p  0 ).


